In this paper I deal with the WD0137-349 binary system consisting of a white dwarf (WD) and a brown dwarf (BD) in a close circular orbit of about 116 min. I, first, constrain the admissible range of values for the inclination i by noting that, from looking for deviations from the third Kepler law, the quadrupole mass moment Q would assume unlikely large values, incompatible with zero at more than 1-sigma level for i 35 deg and i 43 deg. Then, by conservatively assuming that the most likely values for i are those that prevent such an anomalous behavior of Q, i.e. those for which the third Kepler law is an adequate modeling of the orbital period, I obtain i = 39 ± 2 deg. Such a result is incompatible with the value i = 35 deg quoted in literature by more than 2 sigma. Conversely, it is shown that the white dwarf's mass range obtained from spectroscopic measurements is compatible with my experimental range, but not for i = 35 deg. As a consequence, my estimate of i yields an orbital separation of a = (0.59 ± 0.05)R and an equilibrium temperature of BD of T eq = (2087 ± 154)K which differ by 10% and 4%, respectively, from the corresponding values for i = 35 deg.
Introduction
In general, binary systems composed by a white dwarf (WD) orbited by a brown dwarf (BD) as a companion are rare: the WD0137-349 (BPS CS 29504-0036) system , consisting of a WD and a BD orbiting in a 116 min close circular path, belongs to such a class. BD must have survived a previous phase in which it was engulfed by the red giant progenitor of WD (Politano, 2004) experiencing orbital drag which notably shrank its orbit, originally much wider.
In (Iorio, 2007) a dynamical determination of its quadrupole mass moment Q from deviations of the third Kepler law was claimed obtaining an unlikely large value for it: Q = −1.5 × 10 47 kg m 2 , with |Q/M R 2 | ≈ 10 3 , where M and R are the WD's mass and equatorial radius. In this paper I clarify the meaning of such a result and show how it can be used to constrain the inclination angle i. My analysis furnishes a physical justification of the use of the third Kepler law in modeling the orbital period of this particular system, without assuming it uncritically a priori. Moreover, it also corrects an error concerning i in in which i = 35 deg is quoted, yielding an orbital separation of 0.65R . Such values for i and a are reported in other works being used for investigations on various aspects of the WD0137-349 system like, e.g., the determination of Q itself (Iorio, 2007) and the heating of BD .
Constraining the inclination with the quadrupole mass moment
The phenomenologically measured period amounts to )
in principle, it accounts for all the dynamical effects affecting our binary system to the measurement accuracy. Let us, now, contrast it to the purely Keplerian period
where a is the relative semimajor axis, and M and m are the masses of WD and BD, respectively, in order to see if it is compatible with P b , within the errors, or if some significant discrepancy occurs. Such a comparison does, indeed, make sense because the "ingredients" entering eq. (2) have all been determined in a way which is independent of the third Kepler law itself, apart from the inclination i which will, thus, be treated as a free parameter. Indeed, the mass of WD ,
was non-dynamically inferred from its effective temperature T eff and surface gravity log g (Driebe et al., 1998; Benvenuto and Althaus, 1999) -measured, in turn, from an analysis of the hydrogen absorption lines of the optical spectrum of WD (Köster D. et al., 2001 )-using well tested and reliable models of white dwarfs. Then, from
where K M/m are the projected semiamplitudes of the radial velocities, phenomenologically measured from the spectroscopic radial velocity curves, x M/m are the projected barycentric semimajor axes and i is the inclination of the orbital plane to the plane of the sky, it is possible to measure the ratio of the masses γ = m/M as )
I have used )
From the value of M and eq. (5) the mass of the BD follows ) m = (0.052 ± 0.007)M .
Now, from
it is possible to express P (0) in terms of known quantities, apart from the inclination i which will be treated as an independent variable on which I want to put some dynamical constrains. Note that in ) the value i = 35 deg is released yielding an orbital separation a = 0.65R which, in turn, was used to obtain an equilibrium temperature of BD of )
As we will see, such a value for i is probably wrong.
Let us investigate the ratio
as a function of i. From Figure 1 it can be noted that outside the interval 35 deg i 43 deg such a discrepancy becomes significative at more that 1-sigma level changing its sign as well: inside such a range it is, instead, compatible with zero. May such a discrepancy have a physical meaning, so that the associated figures for i can be considered realistic values for it? Deviations from the third Kepler law could be induced by dynamical effects neglected in modeling the orbital period. However, post-Newtonian corrections of order O(c −2 ) (Soffel, 1989) are negligible because much smaller than the experimental error δP b = 0.0002 d. Another possible candidate is the post-Keplerian, Newtonian effect of the quadrupole mass moment Q of WD (Iorio, 2007) . Let us explore this possibility in order to see if it is viable; such an analysis will also better clarify the strange result obtained in (Iorio, 2007) for i = 35 deg. We will see that it can yield us useful insights about the inclination of the considered binary system. By using eq. (23) of Appendix
in Figure 2 I plot Q/δQ and Q/M R 2 versus i, where δQ is given by eq. (25)-eq. (26) of Appendix. It can be noted that Q, assumed as responsible of the discrepancy between P b and P (0) , becomes, in fact, a determined quantity at more than 1-sigma level outside about 35 deg i 43 deg: WD would be highly oblate (Q < 0) for i 35 deg and highly prolate (Q > 0) for i 43 deg. The physical meaning of such an outcome is, however, suspect because Q/M R 2 , where R = (0.0186 ± 0.0012)R is the WD's radius would get as large as 150-200. Such large values of Q/M R 2 are unlikely; WD's quadrupole moment (normalized to M R 2 ) are expected to be smaller than 1 (Baym et al., 1971; Papoyan et al., 1971) . In principle, it could be argued that the determined Q is, in fact, an "effective" quantity which accounts for other, unknown dynamical effects. A more conservative interpretation of our results is that the inclination of the orbital plane of the WD0137-349 system is confined in that interval in which the third Kepler law is an adequate description of the orbital dynamics and Q is compatible with zero. I will, now, work within such a framework. Since I have information on M independent of the third Kepler law itself, I can use them to further constrain i. Indeed, by equating P b to P (0) and using eq. (4) and eq. (8) I have
Such a value is incompatible with i = 35 deg quoted in at more than 2-sigma level. The relative semimajor axis, computed with eq. (8) and eq. (12), becomes
yielding an equilibrium temperature for BD of
It is interesting to see what are the dynamical constraints on M , obtained by modeling the orbital period with the third Kepler law, and compare them to the spectroscopic ones yielding eq. (3). Indeed, from eq. (2), eq. (4) and eq. (8) I get 
Discussion and conclusions
In this paper I got dynamical constraints on some orbital and physical parameters of the WD0137-349A/B binary system consisting of a white dwarf and a brown dwarf as a companion. By using the correction to the third Kepler law due to the quadrupole mass moment Q, I was able to put constraints to the inclination angle i of the system. By discarding those values of i which would yield significant deviations from the third Kepler law associated to unlikely large Q I obtained i = 39 ± 2 deg. The spectroscopically inferred range of admissible values for the mass M of the white dwarf is compatible with our determination of i which also yields an orbital separation of a = (0.59 ± 0.05)R and an equilibrium temperature of the brown dwarf of T eq = (2087 ± 154)K. An incorrect value quoted in of i = 35 deg yields, as a consequence, a = 0.65R and T eq ≈ 2000K. Appendix: the contribution of the quadrupole mass moment to the orbital period
One of the six Keplerian orbital elements in terms of which it is possible to parameterize the orbital motion in a binary system is the mean anomaly M defined as M ≡ n(t − T 0 ), where n is the mean motion and T 0 is the time of periastron passage. The mean motion n ≡ 2π/P b is inversely proportional to the time elapsed between two consecutive crossings of the periastron, i.e. the anomalistic period P b . In Newtonian mechanics, for two pointlike bodies, n reduces to the usual Keplerian expression n (0) = GM/a 3 , where a is the semi-major axis of the relative orbit and M ≡ m 1 + m 2 is the sum of the masses. In many binary systems, as WD0137-349, the period P b is accurately determined in a phenomenological, model-independent way, so that it accounts for all the dynamical features of the system, not only those coming from the Newtonian point-like terms, within the measurement precision.
Here I wish to calculate the contribution of the quadrupole mass moment Q to the orbital period in a more general and accurate way than done in (Iorio, 2007) by retaining the orbital eccentricity. According to Iorio (2007) , the acceleration induced by the quadrupole mass moment Q can be cast into the form
The quadrupole mass term A Q is small with respect to the usual Newtonian monopole term A 0 , so that it can be treated perturbatively. In order to derive its impact on the orbital period P b , let us consider the Gauss equation for the variation of the mean anomaly in the case of an entirely radial disturbing acceleration
where f is the true anomaly, reckoned from the periastron. After inserting A Q into the right-hand-side of eq. (17), it must be evaluated onto the unperturbed Keplerian ellipse
By using (Roy, 2005) 
eq. (17) yields df dt = n(1 + e cos f ) 2 (1 − e 2 ) 3/2 1 + 3GQ(1 + e cos f ) 3 n 2 a 5 (1 − e 2 ) 3 cos f (1 + e cos f ) 2e − 1 .
(20) The orbital period can be obtained as
From eq. (21) it can be obtained
Solving for Q, I get
The uncertainty in Q can be conservatively assessed by linearly adding the various sources of errors as δQ ≤ δQ| a + δQ| G + δQ| M + δQ| P b + δQ| e ,
1 It agrees with the expression of the anomalistic period of a satellite orbiting an oblate planet obtained in (Capderou, 2005) : for a direct comparison Q = −M R 2 J2, where J2 is the first even zonal harmonic of the multipolar expansion of the Newtonian part of the gravitational potential of the central body of mass M and equatorial radius R. 
